Mixing

Convergence in density

Natural density. The upper and the lower density of a set J C N are defined as

8(J) = lim sup M ;
n—o0o n

d(J) == liminf [7N[0,n)| )
n— 00 n

If the upper and the lower density of J coincide, we call the common value the density of J and denote
it by d(J).
For instance,

d(@)=0, d(N)=1, d({2k :k eN}) =d({2k+1:keN}) =1/2.
The following is an example of a set which does not have a well-defined density.

Example (A set without density). Each J C N can naturally be represented by its indicator sequence
x € {0,1}N where x; = 1 if and only if i € J. Conversely, every sequence z € {0,1}" is the indicator
sequence of one and only one set .J C N.

Consider the set J whose indicator sequence has the following form:

1 if Nog <4 < Nogyq for some k € N,
o=
! 0 otherwise.

where 0 = Ny < N; < Ny < N3 < --- are such that N /N1 — 0 as k — oo. (For instance, we can
choose N}, := 2%".) Then, it is easy to verify that d(J)=0#1=4d(J). O

We say that J C N has full density if d(J) = 1.
Remark. The natural density is somewhat like a probability measure on N:
* (additivity) If J; N J2 = &, then d(J; U J2) = d(J1) + d(J2) provided d(J;) and d(Jz) exist.
* (monotonicity) If J; C Jo, then d(J1) < d(J2) provided d(J;) and d(Jz) exist.
* (sub-additivity) d(J; U J2) < d(J1) + d(J2) provided all three densities exist.
However, it is not countably additive, and lacks continuity:
o If J, = {n}, thend(Uy" o Jn) =1 # 0= d(J).
o IfJ,:={n,n+1,n+2,...}, thend(N, o Jn) =0#1=lim,_,o0 d(Jp). o

Full-density diagonal trick. Recall the diagonal trick often used in analysis: if

(agl()))nGN’ (agll))nGN’ (ag))nel\w e

is a sequence of sequences, each being a subsequence of the previous one, then there exists a sequence
(the “diagonal” sequence) which is eventually a subsequence of each (a;’”)n N’

Clearly the diagonal trick is about the indices rather than the values of the sequences. The following
is a concise formulation of the trick:
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Lemma (Diagonal sequence). Let N = Jy O J; O Jo D --- be a sequence of infinite sets. There exists an
infinite set J C N (the “diagonal” set) such that J \ Jy, is finite for each k € N.

Here, we should think of .J,, as the set of indices of the k-th subsequence of (a%o))n o

It turns out that if all the sets Jj, have full density, then the diagonal set can also be chosen to have
full density.

Lemma (Full-density diagonal sequence). Let N = Jy D J; D Jo D --- be a sequence of sets such that
d(Jy) = 1 for each k € N. There exists a set J C N (the “diagonal” set) such that (i) J \ Jy is finite for each
k€N, and (i) d(J) = 1.

Proof. Pick 0 = Ny < N7 < Ny < N3 < --- such that for each k, we have

MO0 oy 9k foralln > A
n

Set

s

J = (Jk n [Nk,NkH)) .

k=0

Then,
(i) For each k, we have J \ J; C [0, N}) because J; D Jix41 2 ---. Hence, J \ J} is finite.

(ii) Note that if n < Nj41, then JN[0,n) D J;, N [0,n) because J, C Jp_1 C --- C Jy. For each n, let
k,, denote the unique value such that N, < n < Nj, 1. Then,

7 0[0.m)] [k, 0[0,m)]
n - n

>1-2"h

Since k,, — oo as n — oo, we find that

d(J) = liminfM > liminf (1 — 27Fn) =1.

n— 00 n n— 00

Therefore, d(J) = 1. O



