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Measures of center and variation



Outliers

Example
Researchers collect data on a sample of 20 phone calls.
Duration of the sampled calls (in minutes):
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The case with 173.10 min duration is an example of an outlier.



Outliers

Example
Researchers collect data on a sample of 20 phone calls.
Duration of the sampled calls (in minutes):

1.60 4.02 3.58 877 9.84 423 225 3.63 7.12  2.86
3.65 173.10 3.29 3.34 132 275 841 3.21 1051 221

Frequency
0 2 4 6 8

T T 1
100 150 200
duration (in minutes)

o~
u
o

The case with 173.10 min duration is an example of an outlier.
@ What is the reason behind this case?



Outliers

Example
Researchers collect data on a sample of 20 phone calls.
Duration of the sampled calls (in minutes):

1.60 4.02 3.58 877 9.84 423 225 3.63 7.12  2.86
3.65 173.10 3.29 3.34 132 275 841 3.21 1051 221
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The case with 173.10 min duration is an example of an outlier.
@ What is the reason behind this case?

@ Should the researchers keep it or remove it?



Outliers

An outlier in a data set is a case which is exceptionally different
from the rest of the data set (i.e., has values which are either
much larger, or much smaller than the rest).




Outliers

An outlier in a data set is a case which is exceptionally different
from the rest of the data set (i.e., has values which are either
much larger, or much smaller than the rest).

@ Where do outliers come from?



Outliers

An outlier in a data set is a case which is exceptionally different
from the rest of the data set (i.e., has values which are either
much larger, or much smaller than the rest).

@ Where do outliers come from?

— Outliers could occur due to various reasons (e.g., error in
measurement or data collection, unusual cases in the
population, or sheer chance).



Outliers

An outlier in a data set is a case which is exceptionally different
from the rest of the data set (i.e., has values which are either
much larger, or much smaller than the rest).

@ Where do outliers come from?

— Outliers could occur due to various reasons (e.g., error in
measurement or data collection, unusual cases in the
population, or sheer chance).

@ What to do with the outliers?



Outliers

An outlier in a data set is a case which is exceptionally different
from the rest of the data set (i.e., has values which are either
much larger, or much smaller than the rest).

@ Where do outliers come from?

— Outliers could occur due to various reasons (e.g., error in
measurement or data collection, unusual cases in the
population, or sheer chance).

@ What to do with the outliers?

— We should always detect them and examine the source of their
occurrence. Depending on the source and the application, we
may then decide to keep or delete them from data set.



Sensitivity to outliers

@ How do outliers affect mean and median?



Sensitivity to outliers

@ How do outliers affect mean and median?
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— Mean is sensitve to outliers. [It is “pulled” by the outliers.]

mean with outlier ~ 12.985 min

mean without outlier &~ 4.557 min



Sensitivity to outliers

@ How do outliers affect mean and median?
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—— Median is resistant to outliers.

median with outlier = 3.605 min

median without outlier = 3.58 min



Sensitivity to outliers

@ How do outliers affect mean and median?
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—— Median is resistant to outliers.

As a measure of the center, median is more robust than mean.



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n

middle values.



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n
middle values.

Example
For the duration of the calls,

1.60 4.02 3.58 877 9.84 423 225 3.63 7.12 2.86
3.65 173.10 3.29 334 1.32 275 841 321 1051 221

The mean is (approximately) 12.985 min.



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n
middle values.

Example
For the duration of the calls,

1.60  4.02 3.58 877 9.84 423 225 3.63 7.2 286
3.65 173.10 329 3.34 132 275 841 321 1051 221
The mean is (approximately) 12.985 min.
To find the 5%-trimmed mean, note that 5% of 20 is 1. So, we
remove the largest value and the smallest value, and take the
average of the rest.



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n
middle values.

Example
For the duration of the calls,

1.60  4.02 3.58 877 9.84 423 225 3.63 7.2 286
3.65 17310 329 3.34 132 275 841 321 1051 221
The mean is (approximately) 12.985 min.
To find the 5%-trimmed mean, note that 5% of 20 is 1. So, we
remove the largest value and the smallest value, and take the
average of the rest.



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n
middle values.

Example
For the duration of the calls,

1.60  4.02 3.58 877 9.84 423 225 3.63 7.2 286
3.65 17310 329 3.34 137 275 841 321 1051 221
The mean is (approximately) 12.985 min.
To find the 5%-trimmed mean, note that 5% of 20 is 1. So, we
remove the largest value and the smallest value, and take the
average of the rest.



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n
middle values.

Example
For the duration of the calls,

1.60 402 358 877 9.84 423 225 363 7.12 286
3.65 17310 3.29 334 137 275 841 321 1051 221
The mean is (approximately) 12.985 min.
To find the 5%-trimmed mean, note that 5% of 20 is 1. So, we
remove the largest value and the smallest value, and take the
average of the rest. The result is (approximately) 4.737 min.



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n

middle values.

@ How do outliers affect trimmed mean?



Sensitivity to outliers
The 5%-trimmed mean of a list of data values
X1,X2,X3,...,Xn

is their mean once we remove the upper 5% and the lower 5% of
the data values. In other words, once we sort the values from
smallest to largest, the 5%-trimmed mean is mean of the % X n

middle values.

@ How do outliers affect trimmed mean?

— Unlike mean, trimmed mean is resistant to outliers.



Measures of center: mode

Example (Sample of 50 birds from a species)
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Measures of center: mode

Example (Sample of 50 birds from a species)
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dark blue green light blue yellow

Distribution of the color of feather

The most common feather color, yellow, is called the mode of the
feather color within the sampled birds.



Measures of center: mode

The mode of a list of data values
X1,X2,X3,...,Xn

is the value that occurs with the highest frequency.



Measures of center: mode
The mode of a list of data values
X1,X2,X3, . - .,Xn
is the value that occurs with the highest frequency.

Example
What is the mode of the following list of values?
2,3,2,5,1,5,4,4,2,2



Measures of center: mode
The mode of a list of data values
X1,X2,X3, . - .,Xn
is the value that occurs with the highest frequency.

Example

What is the mode of the following list of values?
2,3,2,5,1,5,4,4,2,2

Answer: 2




Measures of center: mode

The mode of a list of data values
X1,X2,X3,...,Xn
is the value that occurs with the highest frequency.

Example

What is the mode of the following list of values?
2,3,2,5,1,5,4,4,2,2

Answer: 2

Advantage and disadvantage of mode

» Disadvantage: meaningful only for unimodal distributions

> Advantage: meaningful also for categorical variables



Mean, median, mode in unimodal distributions

@ What are the relative positions of the mean, median and
mode in each of the following histograms?

left-skewed symmetric right-skewed



Mean, median, mode in unimodal distributions

@ What are the relative positions of the mean, median and
mode in each of the following histograms?

left-skewed symmetric right-skewed

mode: green
median: blue
mean: red
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Mean, median, mode in unimodal distributions

@ What are the relative positions of the mean, median and
mode in each of the following histograms?

left-skewed symmetric right-skewed

mode: green
median: blue
mean: red



Computing mean via frequencies

Example
A list of values and its corresponding frequency table:

value frequency

1 2

3 2
4 1
5 5
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Computing mean via frequencies

Example
A list of values and its corresponding frequency table:

value frequency
1 2

3 2
4 1
5 5

@ What is the mean?
Method 1 (directly):

1+4+5+5+5+5+1+5+3+3
=3.7].
o

mean =



Computing mean via frequencies

Example
A list of values and its corresponding frequency table:

value frequency
1 2

3 2
4 1
5 5

@ What is the mean?
Method 1 (directly):

1+4+5+5+5+5+1+5+3+3
=3.7].
o

mean =

Method 2 (via the frequency table):

2x14+2x34+1x4+5x%x5
mean = S TEXOT I XAEO XS 57

2+24+1+5



Computing mean via frequencies

Example (Sample of 500 families from a country)

no.children frequency relative frequency percentage
0 282 0.564 56.4
1 108 0.216 21.6
2 48 0.096 9.6
3 26 0.052 5.2
4 14 0.028 2.8
5 4 0.008 0.8
6 6 0.012 1.2
7 6 0.012 1.2
8 3 0.006 0.6
10 2 0.004 0.4
11 1 0.002 0.2

Distribution of the number of children
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Example (Sample of 500 families from a country)

no.children frequency relative frequency percentage
0 282 0.564 56.4
1 108 0.216 21.6
2 48 0.096 9.6
3 26 0.052 5.2
4 14 0.028 2.8
5 4 0.008 0.8
6 6 0.012 1.2
7 6 0.012 1.2
8 3 0.006 0.6
10 2 0.004 0.4
11 1 0.002 0.2

Distribution of the number of children

@ What is the mean number of children per family?



Computing mean via frequencies

Example (Sample of 500 families from a country)

no.children frequency relative frequency percentage
0 282 0.564 56.4
1 108 0.216 21.6
2 48 0.096 9.6
3 26 0.052 5.2
4 14 0.028 2.8
5 4 0.008 0.8
6 6 0.012 1.2
7 6 0.012 1.2
8 3 0.006 0.6
10 2 0.004 0.4
11 1 0.002 0.2

Distribution of the number of children

@ What is the mean number of children per family?

282 x 04108 x14+48x2+---+1x11

mean =

282+ 108 +48+---+1



Computing mean via frequencies

Example (Sample of 500 families from a country)

no.children frequency relative frequency percentage

0 282 0.564 56.4
1 108 0.216 21.6
2 48 0.096 9.6
3 26 0.052 5.2
4 14 0.028 2.8
5 4 0.008 0.8
6 6 0.012 1.2
7 6 0.012 1.2
8 3 0.006 0.6
10 2 0.004 0.4
11 1 0.002 0.2

Distribution of the number of children
@ What is the mean number of children per family?

282 x 04108 x14+48x2+---+1x11
= =10.982 |
mean 282+ 108 +48 + .-+ 1

=0.564 x 0+ 0.216 x 1 +0.096 x 2+ --- 4+ 0.002 x 11 =| 0.982 |.




Computing mean via frequencies

Example (Sample of 50 birds from a species)

weight frequency relative frequency
75 to <80 1 0.02
80 to <85 1 0.02
85 to <90 6 0.12
90 to <95 14 0.28
95 to <100 20 0.40
100 to <105 7 0.14
105 to <110 1 0.02
Distribution of the weight (in grams)



Computing mean via frequencies

Example (Sample of 50 birds from a species)

weight frequency relative frequency
75 to <80 1 0.02
80 to <85 1 0.02
85 to <90 6 0.12
90 to <95 14 0.28
95 to <100 20 0.40
100 to <105 7 0.14
105 to <110 1 0.02

Distribution of the weight (in grams)

@ What is the mean weight among the sampled birds?



Computing mean via frequencies

Example (Sample of 50 birds from a species)

weight frequency relative frequency
75 to <80 1 0.02
80 to <85 1 0.02
85 to <90 6 0.12
90 to <95 14 0.28
95 to <100 20 0.40
100 to <105 7 0.14
105 to <110 1 0.02

Distribution of the weight (in grams)

@ What is the mean weight among the sampled birds?

1x77.5+1%825+6x87.5+ - +1x107.5
~ =195.1g]|
mean 11146+ 41




Computing mean via frequencies

Example (Sample of 50 birds from a species)

weight frequency relative frequency
75 to <80 1 0.02
80 to <85 1 0.02
85 to <90 6 0.12
90 to <95 14 0.28
95 to <100 20 0.40
100 to <105 7 0.14
105 to <110 1 0.02

Distribution of the weight (in grams)

@ What is the mean weight among the sampled birds?

1x77.5+1%825+6x87.5+ - +1x107.5
~ =195.1g]|
mean 11146+ 41

This is an approximation. The exact value (calculated using the
ungrouped data) is 95.09 g.




Descriptive measures

@ Is there a difference in weight between male and female birds?

female
male

Density
0.00 0.04 0.08

1T 1 1
T T T 1

T
70 80 90 100 110
weight (in grams)

Weight of sampled birds

Among the sampled birds,
— females seem to be typically heavier. [center]
— the weight seems to vary more among males. [variation/spread]

@ Can we quantitatively measure these distinctions?



Measures of center: range

Weight of females (sorted)

87.3 885 922 925 933 934 954 956 961 96.5
969 976 98.0 983 988 99.1 993 1009 101.1 102.9
103.0 103.5

Weight of males (sorted)

79.7 834 86.2 87.0 885 897 908 91.1 91.1 923

923 923 926 933 93.7 946 958 959 96.4 96.5
96.6 96.8 970 989 99.2 101.8 102.8 108.0



Measures of center: range

Weight of females (sorted)

87.3 885 922 925 933 934 954 956 961 96.5
969 976 98.0 983 988 99.1 993 1009 101.1 102.9
103.0 103.5

Weight of males (sorted)
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Measures of center: range

Weight of females (sorted)

87.3 885 922 925 933 934 954 956 961 96.5
969 976 98.0 983 988 99.1 993 1009 101.1 102.9
103.0 103.5

range of weight among sampled female birds
—103.5 - 87.3 = grams

Weight of males (sorted)

79.7 834 86.2 87.0 885 897 908 91.1 91.1 923

923 923 926 933 93.7 946 958 959 96.4 96.5
96.6 96.8 970 989 99.2 101.8 102.8 108.0



Measures of center: range

Weight of females (sorted)

87.3 885 922 925 933 934 954 956 961 96.5
969 976 98.0 983 988 99.1 993 1009 101.1 102.9
103.0 103.5

range of weight among sampled female birds
—103.5 - 87.3 = grams

Weight of males (sorted)

79.7 834 86.2 870 885 897 908 91.1 91.1 923

923 923 926 933 93.7 946 958 959 96.4 96.5
96.6 96.8 97.0 989 99.2 101.8 102.8 108.0

range of weight among sampled male birds

=108.0 -79.7 = grams



Measures of spread: range

The range of a list of data values
X1,X2,X3,...,Xn

is the difference between the largest and the smallest values.




Measures of spread: range

The range of a list of data values
X1,X2,X3,...,Xn

is the difference between the largest and the smallest values.

Disadvantages

> Highly sensitive to outliers

» The population range and the sample range can be
dramatically different.



Measures of sp

read: variance and standard deviation

L

narrowly spread widely spreads

The variance a

nd standard deviation measure the “typical”

deviation of the data values from the mean.

deviation from the population mean =x —

deviation from the sample mean =x — X



Measures of spread: variance and standard deviation

D\
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narrowly spread widely

spreads

The variance and standard deviation measure the “typical”
deviation of the data values from the mean.

deviation from the population mean =x —

deviation from the sample mean =x — X



Measures of spread: variance and standard deviation

\ AR

narrowly spread widely spreads

The variance and standard deviation measure the “typical”
deviation of the data values from the mean.

deviation from the population mean =x —

deviation from the sample mean =x — X



Measures of spread: variance

Sample vs. population variance
For a numerical variable x,

2
X p—
population variance of x : o2 = XZ(TM)
=\2
X —X
sample variance of x : §2 = %

where N is the population size and n is the sample size.

Remark

The usage of n — 1 instead of n is to compensate for a bias caused
by using X instead of u.



Measures of spread: variance

Sample vs. population variance
For a numerical variable x,

2
X p—
population variance of x : o2 = XZ(TM)
=\2
X —X
sample variance of x : §2 = 251—1)

where N is the population size and n is the sample size.

Remark

The usage of n — 1 instead of n is to compensate for a bias caused
by using X instead of u.



Measures of spread: variance

Sampled female birds
Weight:
988 925 873 1035 98.3 99.1 969 103.0 96.5 93.4

1029 101.1 1009 956 96.1 99.3 933 954 885 97.6
92.2  98.0



Measures of spread: variance

Sampled female birds
Weight:

98.8 92.5 87.3 103.5 983 99.1 969 103.0 96.5 934
1029 101.1 1009 956 96.1 99.3 933 954 885 97.6

92.2 98.0
Weight (deviation from the mean): [sample mean =~ 96.827 grams]
1.973  —4.327 —9.527  6.673  1.473 2273  0.073  6.173  —0.327 —3.427
6.073  4.273 4073 —1.227 —0.727 2473 —3.527 —1.427 —8.327 0.773

—4.627 1.173



Measures of spread: variance

Sampled female birds
Weight:

98.8 92.5 87.3 103.5 983 99.1 969 103.0 96.5 934
102.9 101.1 1009 956 961 99.3 933 954 885 97.6

92.2 98.0
Weight (deviation from the mean): [sample mean =~ 96.827 grams]
1.973  —4.327 —9.527  6.673  1.473 2273  0.073  6.173  —0.327 —3.427
6.073  4.273 4073 —1.227 —0.727 2473 —3.527 —1.427 —8.327 0.773

—4.627 1.173

Weight (squared deviation from the mean):

3.890 18.73 90.77 4453 217 5.17 0.01 3810 0.11 11.75
36.88 1826 16.59 1.51 0.53 6.11 1244 2.04 69.34 0.60
21.41 1.38



Measures of spread: variance

Sampled female birds
Weight:

98.8 92.5 87.3 103.5 983 99.1 969 103.0 96.5 934
102.9 101.1 1009 956 961 99.3 933 954 885 97.6

92.2 98.0
Weight (deviation from the mean): [sample mean =~ 96.827 grams]
1.973  —4.327 —9.527  6.673  1.473 2273  0.073  6.173  —0.327 —3.427
6.073  4.273 4073 —1.227 —0.727 2473 —3.527 —1.427 —8.327 0.773

—4.627 1.173

Weight (squared deviation from the mean):

3.890 18.73 90.77 4453 217 5.17 0.01 3810 0.11 11.75
36.88 1826 16.59 1.51 0.53 6.11 1244 2.04 69.34 0.60
21.41 1.38

sample variance of weight for female birds

_ 3.89+18.73+90.77 +--- +1.38 5
= 33 -1 ~[19.1564 |grams




Measures of spread: variance

Sampled birds

sample variance of weight for female birds &| 19.156 |grams®
sample variance of weight for male birds ~ | 34.8049 grams2



Measures of spread: variance

Sampled birds

sample variance of weight for female birds ~| 19.156 |grams>
sample variance of weight for male birds ~ | 34.8049 |grams?

A disadvantage of variance

» While the weight is measured in grams, its variance is

measured in grams?.



Measures of spread: standard deviation

Sample vs. population variance
For a numerical variable x,

» The population standard deviation o is the square root of the
population variance.

» The sample standard deviation s is the square root of the
sample variance.



Measures of spread: standard deviation

Sample vs. population variance
For a numerical variable x,

» The population standard deviation o is the square root of the
population variance.

» The sample standard deviation s is the square root of the
sample variance.

Remarks
» The standard deviation of a variable x is measured in the
same units as x itself.



Measures of spread: standard deviation

Sample vs. population variance
For a numerical variable x,

» The population standard deviation o is the square root of the
population variance.

» The sample standard deviation s is the square root of the
sample variance.

Remarks
» The standard deviation of a variable x is measured in the
same units as x itself.

» The variance and standard deviation are never negative.



Measures of spread: standard deviation

Sample vs. population variance
For a numerical variable x,

» The population standard deviation o is the square root of the
population variance.

» The sample standard deviation s is the square root of the
sample variance.

Remarks
» The standard deviation of a variable x is measured in the
same units as x itself.
» The variance and standard deviation are never negative.

» Both variance and standard deviation are sensitive to outliers.



Measures of spread: standard deviation

Sample vs. population standard deviation

» The population standard deviation o (a.k.a. the true standard
deviation) is a parameter of the population. It is often
unknown to us, unless we have access to the entire population
(e.g., the census data).

» The sample standard deviation s is a statistic (i.e., a quantity

calculated based on the sample). In particular, the sample
standard deviation varies from sample to sample.



Measures of spread: standard deviation

Sample vs. population standard deviation

» The population standard deviation o (a.k.a. the true standard
deviation) is a parameter of the population. It is often
unknown to us, unless we have access to the entire population
(e.g., the census data).

» The sample standard deviation s is a statistic (i.e., a quantity
calculated based on the sample). In particular, the sample
standard deviation varies from sample to sample.

» Nevertheless, the sample standard deviation can be used to
estimate the population standard deviation. The larger the
sample, the more accurate the estimate (i.e., the less likely
that the error is large).



Measures of spread: variance

Sample vs. population variance
For a numerical variable x,

2
X p—
population variance of x : o2 = XZ(TM)
)2
X —X
sample variance of x : §2 = %

where N is the population size and n is the sample size.



Measures of spread: variance

Sample vs. population variance
For a numerical variable x,

2
X p—
population variance of x : o2 = XZ(TM)
)2
X —X
sample variance of x : §2 = %

where N is the population size and n is the sample size.

An alternative way to calculate the variances:

JPSD SEEt0 9F) /. SR SE 0 SES L)

N ’ n—1



Measures of spread: variance

Sample vs. population variance
For a numerical variable x,

2
X p—
population variance of x : o2 = XZ(TM)
)2
X —X
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Measures of spread: variance

Sample vs. population variance
For a numerical variable x,

2
X p—
population variance of x : o2 = Z(TH)
=\2
X —X
sample variance of x : §2 = 251—1)

where N is the population size and n is the sample size.

An alternative way to calculate the variances:
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N N ’ n—1
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> > x2 is different from (> x)2.



Measures of spread: variance

Sample vs. population variance
For a numerical variable x,

2
X p—
population variance of x : o2 = Z(TH)
=\2
X —X
sample variance of x : §2 = 251—1)

where N is the population size and n is the sample size.

An alternative way to calculate the variances:

2 LX (Cx)* /N 2o XX - (%) /n
N ’ n—1 ’
Warning

> > x2 is different from (> x)2.

» As much as possible, leave the rounding to the very last step.
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Measures of spread: variance

Sampled female birds

Weight:
98.8 925 873 1035 983 99.1 969 103.0 965 93.4
1029 101.1 1009 956 961 99.3 933 954 885 97.6
922 98.0

Weight (squared):

9761.44  8556.25  7621.29 1071225 9662.89 9820.81 9389.61 10609.00 9312.25 8723.56

10588.41 10221.21 10180.81 9139.36 9235.21 9860.49 8704.89 9101.16 7832.25 9525.76
8500.84  9604.00

Zx =98.8+925+8734---+98.0 =2130.2grams
(3" x)? = 2130.22 = 4537752.04 grams®

> x? =9761.44 + 8556.25 + 7621.29 + - - - + 9604.00 = 206663.70 grams”

sample variance of weight for female birds

_ 206663.70 — 4537752.04/22 2
= 55— 1 ~~[19.1545 |grams
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