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Probability



Conditional probability

Once we learn some partial information about the outcome of a
random experiment, we have to revise the probabilities assigned to
events.

The revision of the probabilities must be done in a consistent and
impartial fashion.

The revised probabilities in light of partial information are called
conditional probabilities.
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Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15 22
M 2 11 15, 28
total 2 18 30' 50

Contingency table for sex vs. beak color
We pick one of the birds uniformly at random.  [ie., all equally likely]
Probability model of the experiment:

‘Q := collection of all the 50 birds‘
‘IP’(a) =1/50 for each bird a‘
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Example (Sample of 50 birds)
| gray pink red | total
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oo My 2 1t 15, 28
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Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
@ What is the chance that the picked bird is female?



Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15: 22
oo M) o2 11 15, 28
total 2 18 30} 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
@ What is the chance that the picked bird is female?

Since all the birds are equally likely to be picked,

# of female birds 22
P(female) = =— =|0.
(female) total # of birds 50
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Example (Sample of 50 birds)
| gray pink red | total

F 0 715 22
oo My 2 1t 15, 28
total 27 18 301 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
@ What is the chance that the picked bird has a pink beak?



Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15: 22
oo M) o2 11 15, 28
total 2 18 30} 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
@ What is the chance that the picked bird has a pink beak?

Since all the birds are equally likely to be picked,

) # of pink-beaked birds 18
P(pink beak) = total # of birds T 50




Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 715 22
oo My 2 1t 15, 28
total 27 18 301 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]

@ What is the chance that the picked bird is female and has a
pink beak?



Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15: 22
oo M) o2 11 15, 28
total 2 18 30} 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
@ What is the chance that the picked bird is female and has a
pink beak?

Since all the birds are equally likely to be picked,
[P(female and pink beak)

# of pink-beaked female birds 7
= =— =01
total # of birds 50




Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 715 22
M 2 11 15, 28
total 2 18 30 ' 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]

@ If the picked bird has a pink beak, what is the chance that it
is female?




Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15 22
M 2 11 15, 28
total 2 18 30' 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]

@ If the picked bird has a pink beak, what is the chance that it
is female?

Since all the pink-beaked birds are equally likely to be picked,

P(female | pink beak)
_ #t of female pink-beaked birds 7

=—=|0.3
total # of pink-beaked birds 18

(Read: conditional probability that the bird is female given that it has a pink beak.)




Conditional probability

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15 22
M 2 11 15, 28
total 2 18 30' 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]

@ If the picked bird has a pink beak, what is the chance that it
is female?

We already know P(female and pink beak) and P(pink beak):
P(female | pink beak)

P(female and pink beak)  0.14
= = ~ 0.38
P(pink beak) 0.36

(Read: conditional probability that the bird is female given that it has a pink beak.)
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The conditional probability of an event A given another event C is
the (consistently and impartially) revised probability that we should
assign to A once we learn that C has happened.

It is denoted by P(A | C) and can be calculated as

P(A|C) = P(APE(’E‘; €)
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The conditional probability of an event A given another event C is
the (consistently and impartially) revised probability that we should
assign to A once we learn that C has happened.

It is denoted by P(A | C) and can be calculated as

P(A|C) == P(Ap?g‘; €)

If all the outcomes are equally likely, then

# of outcomes that realize both A and C
# of outcomes that realize C

PA]C) =



Conditional probability

The conditional probability of an event A given another event C is
the (consistently and impartially) revised probability that we should
assign to A once we learn that C has happened.

It is denoted by P(A | C) and can be calculated as

P(A|C) == P(Ap?g‘; €)

If all the outcomes are equally likely, then

# of outcomes that realize both A and C
# of outcomes that realize C

PA]C) =

Remark
The conditional probability P(A | C) is meaningful only if P(C) # 0.
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We pick one of the birds uniformly at random.  [ie., all equally likely]
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Example (Sample of 50 birds)
| gray pink red | total

F 0 715 22
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We pick one of the birds uniformly at random.  [ie., all equally likely]
(Q) Are the two events (female) and (pink beak) independent?



Conditional probability and independence

Example (Sample of 50 birds)
| gray pink red | total

F 0 715 22
oMoz 18, 28
total 27 18 30 B0

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
(Q) Are the two events (female) and (pink beak) independent?

We know

P(female) = 22 , P(pink beak) = 18 , P(female and pink beak) = A

50 50 50
Since

. 22 18 7 .
P(female) P(pink beak) = %0 * 5o # 50 = P(female and pink beak) ,

the two events are not independent.




Conditional probability and independence

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15: 22
oo M) o2 11 15, 28
total 2 18 30 ! 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
(Q) Are the two events (female) and (pink beak) independent?

We know

P(female) = 22/50 , [P(female | pink beak) = 7/18

Since 7/18 < 22/50, the two events are not independent.

The pinkness of the beak carries some information about
whether the bird is female or not: it makes it less likely.



Conditional probability and independence

Example (Sample of 50 birds)
| gray pink red | total

F 0 7 15: 22
oo M) o2 11 15, 28
total 2 18 30 ! 50

Contingency table for sex vs. beak color

We pick one of the birds uniformly at random.  [ie., all equally likely]
(Q) Are the two events (female) and (pink beak) independent?

We know
P(pink beak) = 18/s0,  P(pink beak | female) = 7/22

Since 7/22 < 18/50, the two events are not independent.

Knowing that the bird is female carries information about
whether its beak is pink or not: it makes it less likely.



Conditional probability and independence

If two events A and B have non-zero probabilities, then any of the
following equivalent conditions means that A and B are
independent:

(1) P(A and B) = P(A) P(B).
(2) P(A|B) = P(A).
(3) P(B|A) =P(B).



Conditional probability and independence

If two events A and B have non-zero probabilities, then any of the
following equivalent conditions means that A and B are
independent:

(1) P(A and B) = P(A) P(B).
(2) P(A|B) =P(A).
(3) P(B|A) =P(B).

» If P(A and B) < P(A)P(B), we say that A and B are
negatively associated.

[The occurrence of one makes the other less likely.]

» If P(A and B) > P(A)IP(B), we say that A and B are
positively associated.

[The occurrence of one makes the other more likely.]
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For two independent events A and B, we have

P(A and B) = P(A) P(B) .
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» For every two events A and B, we have

|P(A and B) = P(A) P(B | A)]

(provided P(A) # 0.)
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For two independent events A and B, we have
P(A and B) =P(A)P(B) .

In general, we have the following:
Chain rule of conditional probabilities
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Conditional probability
For two independent events A and B, we have
P(A and B) =P(A)P(B) .

In general, we have the following:
Chain rule of conditional probabilities

» For every two events A and B, we have

|P(A and B) = P(A) P(B | A)]

(provided P(A) # 0.)

» For every three events A, B and C, we have

[P(A and B and C) = P(A) P(B|A)P(C| A and B)|




Conditional probability
For two independent events A and B, we have
P(A and B) =P(A)P(B) .

In general, we have the following:
Chain rule of conditional probabilities

» For every two events A and B, we have

|P(A and B) = P(A) P(B | A)]

(provided P(A) # 0.)

» For every three events A, B and C, we have

[P(A and B and C) = P(A) P(B|A)P(C| A and B)|

» ... (similarly for any number of events)



Multi-stage experiments

Example (Boxes and balls)

S AP
@ O o e
box #1 box #2

We have two boxes with red and blue balls in them.
P In box #1, there are 2 red balls and 3 blue balls.
P> In box #2, there are 2 red balls and 1 blue balls.
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(1) We select a box uniformly at random.

(2) We pick a ball from the selected box uniformly at random.
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S AP
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We perform the following experiment:
(1) We select a box uniformly at random.

(2) We pick a ball from the selected box uniformly at random.

@ What is the chance that the picked ball is blue?



Multi-stage experiments

Example (Boxes and balls)

S AP
@ O o e
box #1 box #2

We perform the following experiment:
(1) We select a box uniformly at random.

(2) We pick a ball from the selected box uniformly at random.

@ What is the chance that the picked ball is blue?
Warning: The 8 balls are not all equally likely to be picked.



Multi-stage experiments

Example (Boxes and balls)

boxw- blue

8 O O x\/l‘.%). red

‘ ‘ O . 'X }yo blue
2 °

box #1 box #2 box #2 2/3 ® red

We perform the following experiment:

(1) We select a box uniformly at random.

(2) We pick a ball from the selected box uniformly at random.
@ What is the chance that the picked ball is blue?

Consider the tree of possibilities.



Multi-stage experiments

Example (Boxes and balls)

box #1 3[5 ® blue

®o | © ot
O @ 0 / /s e red
‘ ‘ \ 1/3 ® blue
Yo~ _—
box #1 box #2 box #2 2/3 ® red

@ What is the chance that the picked ball is blue?
Consider the tree of possibilities.



Multi-stage experiments

Example (Boxes and balls)

box #1 3[5 ® blue

®o | © ot
O @ 0 / /s e red
‘ ‘ \ 1/3 ® blue
Yo~ _—
box #1 box #2 box #2 2/3 ® red

@ What is the chance that the picked ball is blue?
Consider the tree of possibilities.
P(blue) = P(box #1 and blue) + P(box #2 and blue)

= (2) x (3/5) + (1/2) x (1/3) =[14/30 .



Multi-stage experiments

Example (Boxes and balls)

box #1 3[5 ® blue

®o | © ot
O @ 0 / /s e red
‘ ‘ \ 1/3 ® blue
Yo~ _—
box #1 box #2 box #2 2/3 ® red

@ What is the chance that the picked ball is blue?
Consider the tree of possibilities.

P(blue) = P(box #1 and blue) + P(box #2 and blue)
= P(box #1) P(blue | box #1) 4+ P(box #2) P(blue | box #2)

= (Y2) x (3/s) + (1/2) x (1/3) =[4/30]
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helpful to break the possibilities based on whether another event C
has happened or not.
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|P(A) = P(A and C) + P(A and not C) |
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Consider an event A.

» If C is any other event, then
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Conditional probability

In order to calculate the probability of an event A, it is sometimes
helpful to break the possibilities based on whether another event C
has happened or not.

Principle of total probability
Consider an event A.

» If C is any other event, then
|P(A) = P(A and C) + P(A and not C) |
=P(C)P(A|C) + P(not C)P(A | not C)

» If C1, C2 and C3 are mutually exclusive and together exhaust
all the possibilities, then

|P(A) = P(A and ;) + P(A and C,) + P(A and C3)|
=P(C1)P(A|C1) + P(C2) P(A | C2) + P(Cs) P(A | C3)




Conditional probability

In order to calculate the probability of an event A, it is sometimes
helpful to break the possibilities based on whether another event C
has happened or not.

Principle of total probability
Consider an event A.

» If C is any other event, then
|P(A) = P(A and C) + P(A and not C) |
=P(C)P(A|C) + P(not C)P(A | not C)

» If C1, C2 and C3 are mutually exclusive and together exhaust
all the possibilities, then

|P(A) = P(A and ;) + P(A and C,) + P(A and C3)|
=P(C1)P(A|C1) + P(C2) P(A | C2) + P(Cs) P(A | C3)
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Example (Boxes and balls)

box #1 3[5 ® blue

®o | © ot
O @ 0 / /s e red
‘ ‘ \ 1/3 ® blue
Yo~ _—
box #1 box #2 box #2 2/3 ® red

A friend performs the experiment while we are not looking. She
then shows us the ball.



Reverse conditional probabilities

Example (Boxes and balls)

box #1 3[5 ® blue

®o | © ot
O @ 0 / /s e red
‘ ‘ \ 1/3 ® blue
Yo~ _—
box #1 box #2 box #2 2/3 ® red

A friend performs the experiment while we are not looking. She
then shows us the ball.

@ If the picked ball is blue, what is the chance that box #1 was
chosen?




Reverse conditional probabilities

Example (Boxes and balls)

° ° bc”%" blue
.

O O X\/%Y %‘0 red

‘ ‘ O . 'X %o blue
2 °

box #1 box #2 box #2 2/3 ® red

A friend performs the experiment while we are not looking. She

then shows us the ball.

@ If the picked ball is blue, what is the chance that box #1 was
chosen?

Note: We know P(blue | box #1) = 3/s.
We want P(box #1 | blue).




Reverse conditional probabilities

Example (Boxes and balls)

box #1 3[5 ® blue

®o | © ot
O @ 0 / /s e red
‘ ‘ \ 1/3 ® blue
Yo~ _—
box #1 box #2 box #2 2/3 ® red

A friend performs the experiment while we are not looking. She
then shows us the ball.

@ If the picked ball is blue, what is the chance that box #1 was
chosen?

We already know P(blue) = 14/30. Therefore,

P(box #1 | blue) — P(boxlpﬁiljz)d blue) _ (1/23473(53/5) _ .




Reverse conditional probability

Sometimes we want P(C | E), but we have access to the conditional
probabilities of the opposite type P(E | C).



Reverse conditional probability

Sometimes we want P(C | E), but we have access to the conditional
probabilities of the opposite type P(E | C).

Bayes's rule

Consider an event E (e.g., an “effect”).
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Sometimes we want P(C | E), but we have access to the conditional
probabilities of the opposite type P(E | C).
Bayes's rule
Consider an event E (e.g., an “effect”).

» If C (e.g., a "possible cause”) is any other event, then

P(CIE) = s = | R PEIO




Reverse conditional probability

Sometimes we want P(C | E), but we have access to the conditional
probabilities of the opposite type P(E | C).

Bayes's rule
Consider an event E (e.g., an “effect”).

» If C (e.g., a "possible cause”) is any other event, then

P(CIE) = s = | R PEIO

In order to calculate P(E), it is often helpful to use the principle of
total probability.
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Example (Mammograms)

Approximately 1% of women aged 40-50 have breast cancer.
Physicians use mammogram tests to detect breast cancer.
The test is however not perfect:



Reverse conditional probability

Example (Mammograms)

Approximately 1% of women aged 40-50 have breast cancer.
Physicians use mammogram tests to detect breast cancer.
The test is however not perfect:

» For a woman with breast cancer, the chance of getting a
positive test is 92%, while there is a 8% chance of a negative

test (i.e., a false negative).
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Approximately 1% of women aged 40-50 have breast cancer.
Physicians use mammogram tests to detect breast cancer.
The test is however not perfect:
» For a woman with breast cancer, the chance of getting a
positive test is 92%, while there is a 8% chance of a negative
test (i.e., a false negative).

» For a woman without breast cancer, the chance of getting a
negative test is 90%, while there is a 10% chance of a
positive test (i.e., a false positive).
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Physicians use mammogram tests to detect breast cancer.
The test is however not perfect:
» For a woman with breast cancer, the chance of getting a
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test (i.e., a false negative).

» For a woman without breast cancer, the chance of getting a
negative test is 90%, while there is a 10% chance of a
positive test (i.e., a false positive).

Suppose that a woman aged 40-50 has received a positive result
on her mammogram test.
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@ What is the chance that she has breast cancer?



Reverse conditional probability

Example (Mammograms)
Approximately 1% of women aged 40-50 have breast cancer.
Physicians use mammogram tests to detect breast cancer.
The test is however not perfect:
» For a woman with breast cancer, the chance of getting a
positive test is 92%, while there is a 8% chance of a negative
test (i.e., a false negative).

» For a woman without breast cancer, the chance of getting a
negative test is 90%, while there is a 10% chance of a
positive test (i.e., a false positive).

Suppose that a woman aged 40-50 has received a positive result
on her mammogram test.

@ What is the chance that she has breast cancer?

Guess before calculating!




Reverse conditional probability

Example (Mammograms)

Suppose that a woman aged 40-50 has received a positive result
on her mammogram test.

@ What is the chance that she has breast cancer?

canc%o positive
. °
AT 8\%*0 negative

°
M %%, ® positive
(0
°

no cam ® negative



Reverse conditional probability

Example (Mammograms)

Suppose that a woman aged 40-50 has received a positive result
on her mammogram test.

@ What is the chance that she has breast cancer?

canc%»o positive
. °
AT 8\%*0 negative

°
M %%, ® positive
(0
°

no cam ® negative

We can write

o, P d iti
IP(cancer | positive) = (cancer and positive)

P(positive)




Reverse conditional probability

Example (Mammograms)

Suppose that a woman aged 40-50 has received a positive result
on her mammogram test.

@ What is the chance that she has breast cancer?

canc%»o positive
. °
AT 8\%*0 negative

°
M %%, ® positive
(0
°

no cam ® negative

We can write

o, P d iti
IP(cancer | positive) = (cancer and positive)

P(positive)

0.01 x 0.92 92
= 0.01x0921099x01 1082 ~ [820%
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