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For each answer, provide a short argument.

1. (5 points) Let X and Y be two random variables with joint pdf

f(x, y) :=

k if x > 0, y > 0 and
1

2
x+

1

3
y < 1,

0 otherwise,

where k is a real number.

(a) Find the value of k.

Solution: From the pdf, one can observe that the random point (X,Y ) is uniformly distributed
over the triangle with vertices (0, 0), (2, 0) and (0, 3).
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y
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3

Indeed, the joint pdf is constant inside and zero outside this triangle.
The probabilities must add up to 1, hence the integral of f over the entire plane,

∫∫
R2 f(x, y) dx dy,

must be equal to 1. However, this integral is nothing but k × ⟨area of the triangle⟩. Therefore,
k × 1

2(2× 3) = 1, which implies k = 1/3 .

(b) Are X and Y independent?

Solution: The two variables are not independent because knowing the value of one gives us
some information on the value of the other. For instance, each of the two events X > 1
and Y > 1.5 has a positive probability, but if one of them happens, the other cannot. More
specifically,

P(X > 1 and Y > 1.5) = 0 ̸= 1

4
× 1

4
= P(X > 1)P(Y > 1.5) .

(c) What is the probability that X2 + Y 2 < 1?

Solution: The event X2 + Y 2 < 1 is the event that the point (X,Y ) falls inside the disk of
radius 1 centered at the origin.
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Denoting the disk {(x, y) : x2+y2 < 1} by D and the triangle {(x, y) : x > 0 and y > 0 and 1
2x+ 1

3y < 1}
by T , we can write

P
(
(X,Y ) falls in D

)
=

⟨area of D ∩ T ⟩
⟨area of T ⟩

=
π/4

(2× 3)/2
= π/12 .

Equivalently, to obtain P
(
(X,Y ) falls in D

)
, we can integrate the joint pdf over D, but this

precisely gives k × ⟨are of D ∩ T ⟩ = π/12.

(d) Find the expected value of X.

Solution: We have

E[X] =

∫∫
R2

f(x, y) · x dx dy

=

∫ 2

x=0

∫ 3− 3
2
x

y=0
kx dy dx

=

∫ 2

x=0

1

3
x
(
3− 3

2
x
)
dx

=

[
1

2
x2 − 1

6
x3

]x=2

x=0

= 2− 4

3
= 2/3 .

Alternatively, we can first find the marginal distribution of X and use that to calculate E[X].

(e) Find the cdf of Z := min(X,Y ). [Hint: First identify the possible values of Z.]

Solution: First, note that since X > 0 and Y > 0, we also have Z > 0. Moreover, since
1 > 1

2X + 1
3Y , we also have 1 > 1

2Z + 1
3Z = 5

6Z, that is, Z < 6/5. Thus, Z can only take values
within the interval (0, 6/5).
Let FZ(c) := P(Z ≤ c) be the cdf of Z. Clearly, FZ(c) = 0 for c ≤ 0 and FZ(c) = 1 for c ≥ 6/5.
Let 0 < c < 6/5. Note that Z ≤ c if and only if either X ≤ c or Y ≤ c.
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Thus, P(Z ≤ c) = ⟨area of the red region⟩/⟨area of the big triangle⟩.
To find the area of the red region, we need a and b. The similarity between a pair of triangles
(which?) implies that a/2 = (3 − c)/3, hence a = 2

3(3 − c). Likewise, the similarity between
another pair of triangles (which?) implies that b/3 = (2− c)/2, hence b = 3

2(2− c). It follows
that

⟨area of the red region⟩ = ⟨area of the big triangle⟩ − ⟨area of the blue triangle⟩

=
1

2
(3× 2)− 1

2
(a− c)(b− c)

= 3− 1

2

(
2

3
(3− c)− c

)(
3

2
(2− c)− c

)
=

5

12
c(12− 5c) .

Therefore, P(Z ≤ c) = 5
36c(12− 5c).

In summary,

FZ(c) = P(Z ≤ c) =


0 if c < 0,
5

36
c(12− 5c) if 0 ≤ c ≤ 6/5,

1 if 6/5 < 0.

As a sanity check, we may observe that 5
36c(12−5c) = 0 when c = 0 and 5

36c(12−5c) = 1 when
c = 6/5, which is consistent with the fact that Z is a continuous random variable.

2. (3 points) Let U1, U2, . . . , U1000 be independent, identically distributed random variables, each with
uniform distribution over the interval [−π, π]. Let

S := sin(U1) + sin(U2) + · · ·+ sin(U1000) ,

M :=
1

1000

[
sin(U1) + sin(U2) + · · ·+ sin(U1000)

]
.

(a) What is the approximate value of M? [Hint: Consider Xi := sin(Ui) for i = 1, 2, . . . , 1000.]

Solution: For i = 1, 2, . . . , 1000, let Xi := sin(Ui). Note that X1, X2, . . . , X1000 are indepen-
dent, identically distributed random variables. Hence, by the law of large numbers, their
average, M , is approximately equal to the expected value of each. For each i, we have

E[Xi] = E[sin(Ui)] =

∫ π

−π

1

2π
sin(u) du = 0 .



AUB – Fall 2022 – STAT 230.3 Quiz 5 Page 4 of 5

Hence, M ≈ 0 .
We can bound the error in this approximation using Chebyshev’s inequality.

(b) Find the (exact) value of P(S > 0).

Solution: We can use symmetry.
Clearly, P(S < 0) + P(S = 0) + P(S > 0) = 1.
By symmetry, P(S < 0) = P(S > 0). Namely, for each i, the distribution of Ui is symmet-
ric around 0. Since sin(−u) = − sin(u), the distribution of Xi := sin(Ui) is also symmetric
around 0. It follows that the distribution of S =

∑1000
i=1 Xi is also symmetric around 0. In

particular, P(S > 0) = P(S < 0).
On the other hand, the Uis, the Xis, and S are all continuous random variables, hence P(S =
0) = 0.

It follows that 2P(S > 0) = 1, hence P(S > 0) = 1/2 .

(c) Find the approximate value of P(S > 5). [Hint: Recall the identity sin(θ)2 = 1
2

[
1− cos(2θ)

]
.]

Solution: Since Xi := sin(Ui), for i = 1, 2, . . . , 1000, are independent and identically dis-
tributed, by the central limit theorem, the distribution of S is approximately normal.
By the result of part (a), we have E[Xi] = 0 for each i, hence

E[S] =
1000∑
i=1

E[Xi] = 0 (by the linearity of expectation)

To find the variance of S, we can write

Var[Xi] = E[X2
i ]−

0

�����
(E[Xi])

2

= E[sin(Ui)
2]

=

∫ π

−π

1

2π
sin(u)2 du

=
1

2π

∫ π

−π

1

2

[
1− cos(2u)

]
du (a trigonometric identity)

=
1

2π

[
1

2
u− 1

4
sin(2u)

]π
u=−π

=
1

2
.

Therefore,

Var[S] =
1000∑
i=1

Var[Xi] (by the independence of Xis)

= 1000× 1

2
= 500 .

In summary, S is approximately N(0, 500). Using a computer software such as R (or the app
for normal distribution), we can find that

P(S > 5) ≈ 1− FN(0,500)(5) ≈ 0.41153 .
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Alternatively, since S is approximately N(0, 500), we can write S =
√
500Z + 0, where Z is

approximately standard normal. Denoting the cdf of the standard normal distribution with Φ,
we have

P(S > 5) = P(
√
500Z + 0 > 5) = P(Z > 5/

√
500)

≈ 1− Φ(5/
√
500) = 1− 0.58847 = 0.41153 .


