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1. (2 points)

(a) Find the 4th roots of —8 4+ 8v/31 and write them in the form a + bi.

Solution: Note that —8 + 8v/3 = 16¢i5 . Therefore,
(—8+8V3)1 = {V16e 15+ . | ¢ 7}
= {26G+5) : ke 7}
= {2ei%, 2ei2?ﬂ, 2ei%, Zei%ﬂ}

={V3+i], |-1+iv3, |-vB-i| [1-iV3)

™

(b) Compute the integral / (sin 0)? cos 260 d.

0
(HINT: Write sin and cos in terms of the exponential function and simplify.)

Solution: We have

i0 —if

(sin )2 cos 20 = (e —zie )2<eize _26—129)

1, . - . .
= _g(eﬁ@ + e—129 . 2) (8120 + e—129>

= _§<el49 +1+14+ 67149 _ 26129 o 267129)

1 1 1
= ——cos40 + = cos20 — — .
4Cos +2cos 1

Therefore,

T Tr—1 1 1
/ (sin9)200829d9:/ [—COS49+—00829—— dg =|—
. . L4 2 4

N
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2. (5 points) Let A be the open disk of radius 2 centered at the origin, B the set of points
z € C such that |Argz| > 7/6, and C' := {z € C: Rez > 1}. Let D be the intersection
of A and B, and let E be the intersection of C' and D.

(a) Sketch the three sets A, B, and C on the complex plane and clarify the boundary
points.

Solution: Solid lines are included, dashed lines are excluded.

\

N

(b) Is D a domain?

(A domain is a set that is both open and connected.)

| Answer: Yes

(c) Is E a region?

(A region is a domain together with some, none or all of its boundary points.)

Answer: No (not connected)
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3. (3 points) Show (by means of a geometric or algebraic argument) that if v and v are two

U+ v
must be zero.

distinct points on the unit circle, then the real part of
U—v

Solution:

Algebraic argument:

Multiplying the numerator and the denominator by the conjugate of the denominator,
we have

uU-+v u+v u—v

uUu—uv U—v uU—7v
Ul — UV + VU — VU

Ju— ol
= vu—vu
- Ju— ol
_ 2ilm(va)

N

which is purely imaginary.

Geometric argument:

Call A, B, C the points represented by
u, u + v and u — v respectively, and
denote the origin by O. The two tri- ;
angles AOAB and AOAC are isosce-
les, because |OA| = |AB| = |AC| =
1. Therefore, Z/OBA = ZAOB and v
ZCOA = ZACO. Since the sum of
the latter four angles is m (or —, de-
pending on the orientation), we find
that ZCOB = ZCOA+/ZAOB = 7/2
(or —7m/2, depending on the orienta-
tion). This means that u + v is per-

pendicular to u — v. It follows that
u—+ v

1s el-

the principal argument of

ther 7/2 of —7/2, which means its real
part must be zero.




